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Abstract. We prove dispersive estimates for the wave group e**V^W ^nd the Schrodinger group 
^ttP{h) ^ where P{h) is a self-adjoint, elhptic second-order differential operator depending on a 
parameter < /i < 1, which is supposed to be a short-range perturbation of — /i^A, A being the 
Euclidean Laplacian. In particular, applications are made to non-trapping metric perturbations 
and to perturbations by a magnetic potential. 



1 Introduction and statement of results 

Denote by i-b(^) the self-adjoint realization of —h?/S. on L^(R"), n > 2, and let G Cq'{{Q, 

be independent of h. It is well known (see the appendix) that the free wave and Schrodinger 

groups satisfy the following dispersive estimates 



< Ch- 



(1.1) 



:i.2) 



for all t > 0, < /i < 1, cr > 0, with a constant C > independent of t and h. The purpose 
of this paper is to prove analogues of (1.1) and (1.2) for more general second-order operators of 
the form 

n n 

P{h) = l^x^aijix, h)V^^ + {bj{x, h)V^^ + V^Mj{x, h)) + V{x, h), 

i,j=l j=l 

with real- valued coefficients aij,bj G C^(R"') and V G L°°(R"), where V^^ := —ihdxj ,0<h<l 
is a semi-classical parameter (not necessarilly small). More precisely, the coefficients are of the 
form 

aij{x,h) = aij{x) + hajj{x,h), bj{x,h) = 6°(a;) + hb]{x,h), V{x,h) = V^{x) + hV^{x,h), 

where a°j-,6°,y° G C^(R"') are independent of h, and a|j-,6],y^ G L°°(R") uniformly in h. So, 
the principal symbol of P{h) is given by 

n n 

p{x,0= E a%ix%C,+2Yb°,ix)Cj+V^{x). 

i,j=l j=l 
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We suppose that this operator admits a self-adjoint reahzation on the Hilbert space L^(R"') 
(which will be again denoted by P{h)) satisfying the ellipticity condition 



^ \D-{P{h)±t)-' 

0<|a|<2 



(1.3) 



with a constant C > independent of h. We also suppose that P{h) is a short-range perturbation 
of Po{h), namelly 



J2 l^x {(^ijix,h) 



+ Y,\d"bj{x,h)\ + |a°y°(x)| + |y^(x»| < C{x)-^, (1.4) 



for < |a| < 1, with constants C > 0, 5 > 1 independent of h, where 



liii = j, = if 



i 7^ j. When n > 4 we suppose that there exists a sufficiently small constant 7 > 0, independent 
of h, such that 



sup ^2 kji(3^i ^) ~ 



< 



7- 



:i.5) 



Given a 2; E C, Imz / 0, set 



Rs{z,h) := {x)-^P{h) - z)-' {xy\ 

Finally, we suppose that there exist an energy level E > and a constant < Eq < E, both 
independent of h, so that for every z £ [E — eq, E + eq], s > 1/2, the limits 

Rf{z, h) := lim Rs{z ± ie, h) : ^ 

£-5-0+ 



exist as continuous functions in z and satisfy the bound 

\\Rt{z,h)\\^,^^,<Cix{h), VzG [£;-eo,^ + eo], 



(1.6) 



with a constant C > and a function /i(/i) > /i^^ > 1. If the coefficients are smooth and if E is 
a non-trapping energy level, i.e. all bicharacteristics belonging to {(x,^) G T*R" : p(a;,^) = i?} 
escape to infinity, it is well known that (1.6) holds with /x(/i) = provided Eq is taken small 
enough independent of h. More generally, it is proved in [16] that (1.6) holds with /i(/i) = 
h~^\og{h~^) if all periodic bicharacteristics belonging to {(x,^) G T*R" : p(a;,i^) = -E} are of 
hyperbolic type satisfying a topological condition. On the other hand, without any geometrical 
condition we have that /u(/i) = e^^^, /3 > a constant, still for smooth coefficients (e.g. see [2], 
[3]). Hence, in this case the function ^ satisfies 



< /x(/i) < e^l^, /? > 0. 



:i.7) 



It is largely expected that (1.7) holds true under the assumptions above. 

Let if G Cq^{{E — eq, E + eq)) be independent of h. In the present paper we are interested 
in bounding from above uniformly in h the following quantities 



Ai{h,a) = /i" 



sup 



sup t 



(n-l)/2+(T 



(x)-"e**V^(/j(P(/i))(x)-"/ 
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where s > n/2, 



sup sup {x)-''e''VPif^^{p{h)){x)-''f 

/Gil, 11/11^1=1 t>0 



5i(/i,ct) = sup supr/2+'^ {x)-''e'^^^^^ip{P{h)){x)-''f 

where s > (n + l)/2, 

B2{h,a) = h''+'' sup supr/2+'^ {x)-''f^^^^^^ip{P{h)){x)-'' f 
/eLM|/||^i=i t>o 

In view of the estimates (1.1) and (1.2), we have that in the case of the free operator Po{h) all 
these quantities are bounded by a constant independent of h. In the present paper we will show 
that in the general case of the operator P{h) these quantities can be bounded from above in terms 
of the function jLt(^), provided 5 is big enough. To state our main result more precisely, we define 

the number u G {0, 1, 2} as follows: = 2 if a!lj{x) — a^^ = &^(x) = V^{x) = 0, and the functions 
a\^{x, h), b]{x, h), V^{x, h) arc 0{h) as /i ^ 0; z> = 1 if a^^^{x) - o,^^- = 6^(.t) = V^{x) = {}-u = {) 
otherwise. In other words, the quantity 2 — v can be viewed as the order of the perturbation 
P{h) — Po{h). We have the following 

Theorem 1.1 Suppose the conditions (1.3)-(1.6) satisfied with 5 > + a in the case of the 
wave group and S > + a in the case of the Schrddinger group with some a > 0. Then the 
following bounds hold true: 



Ai{h,a) < C,/t^+^+'^^(/i)'^+^+^ + C, 



A2ih,a) < Cell 



2u+a-T- 



2 fi{h)' 2 

n-1 



n+1 



+ Ch''-— +C, 



Bi{h,a) < Ceh''+^+— fi{h) 



n+2 



+o-+e 



B2{h,a) < C,h^''+''--2fxih)^+''+' + Ch"-"^ + C, 



+ C, 



n+l 



(1.8) 

(1.9) 
(1.10) 
(1.11) 



for every < e <C 1. 



We will apply these estimates to operators of the form P{h) = h^G, where G is the self- 
adjoint realization of a second-order operator of the form 

n n 

G = - dxiaij{x)dxj + i ^ (bj{x)dx^ + dx^bj{x)^ + V{x), 

i,j=l j=l 

with real- valued coefficients aij,bj G C^(R"'), V G L°°(R") independent of h, satisfying 

n n 

Y: \dS (aijix) - alj) I + Y \dSbj{x)\ + \V{x)\ < C{x)-\ (1.12) 



i=i 



for < lal < 1, with constants C > 0, 5 > 1. In other words, G is supposed to be a short-range 
perturbation of the self-adjoint realization, Gq, of the free Laplacian —A. When n > 4 we 
suppose that there exists a sufficiently small constant 7 > such that 



sup Y k»iC 



X] — a, 



<7- 



(1.13) 
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We also suppose that G is elliptic, that is, 



(1.14) 



for all \a\ < 2, where C{L?') denotes the set of the bounded operators on L^. We finally suppose 
that there exist constants C, Aq > and A; > such that 



{x)-' [G- y ±m {x 



< C7A-l+^ VA > Ao, s > 1/2. 



(1.15) 



This implies that the operator P{h) = h?G satisfies (1.6) with ^{h) = h ^ ^ . Set 

n + l 



Pn{o') = max |o, 



n + 4 ^ k{n+l) , , 



, . r n + 5 k(n + 2) ,1 
qn{(T) = max i 0, — 2u -\ h fca ^ , 

where o" > and 2 — z/ is the order of the differential operator G — Gq. Let x ^ C°°(R), 
suppx C (Aq, +oo), xW = 1 for A > Ao + 1. As a consequence of the above theorem we get the 
following (x)'^L^ —7- (x)^'^L°^ dispersive estimates for the perturbed wave (resp. Schrodinger) 
group with a loss of ^^(cj) (resp. (?n(c) + e) derivatives. 

Theorem 1.2 Suppose the conditions (1.12)-(1.15) satisfied with 6 > + a in the case of 
the wave group and S > + a in the case of the Schrodinger group with some a > 0. Then, 



the following dispersive estimates hold true: 

(x)-"e^*^(\/G)-^-f"(")-"x(\/G)(x)~" 



<c,t-—- 



{x) 



-aJtG 



(Vg)"-'^"(")-^x(^)(x)"" 



<Ce\t\-^- 



Vt / 0, 



(1.16) 
(1.17) 



for every < e ^ 1 . Moreover, if k < 1 and 



n + 3 qn{0) 
> — ^ 1- 



then for all a satisfying 



9n(0) 
1 - k 



< a < 5 



we have the estimate 



(x)-'^e**^x(VG)(x)-- 



1-k' 
n + 3 

< C\t\ 



Vt / 0. 



(1.18) 



In the particular case of non-trivial non-trapping metric perturbations we have (1.15) with 
A; = as well as z/ = 0, so Pn(cr) = g„(cr) = Thus, in this case we obtain 

(x)°"L^ — )• {x)~'^L°° dispersive estimates for the perturbed wave (resp. Schrodinger) group 
with a loss of (resp. + e) derivatives. The same conclusion remains true for more 
general metric perturbations with infinitely many periodic geodesies of hyperbolic type. Indeed, 
for such perturbations the bound (1.15) with A: = e, VO < e ^ 1, has been proved in [16j under 
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some natural topological conditions. We get a better result for perturbations by a magnetic 
potential, namely for operators of the form 

G = {iV + h{x)f + V{x), 

where b{x) = (61 (x), G (R"';R") is a vector-valued function and y e (R";R). 

When n > 3 it is proved in [lOJ (see Proposition 4.3) that in this case (1.15) holds with /c = 0. 
Since = 1, we have in this case Pn(c) = §, 9n(c) = When b{x) = 0, we have v = 2 and 
hence in this case pn [a) = g„(a) = This latter case, however, has already been studied in 
ID) [S], HZ]) US] under a little bit weaker assumption on the potential V . 

To our best knowledge, it is the first time dispersive estimates are proved for perturbations 
different from a potential. Our estimates are not optimal (i.e. we are obliged to loose derivatives), 
but one could hardly do better without assuming a stronger regularity of the coefficients. Indeed, 
it was shown in [12] in the context of the Schrodinger equation with a potential that if n > 4, 
it is not possible to have optimal — )• dispersive estimates for potentials V G Co(R'^), 
Vfc < ^^j^. In contrast, when n < 3 no regularity of the potential is needed in order to have 
optimal — ?■ dispersive estimates for both the wave and the Schrodinger groups (e.g. see 
|14j when n = 2 and [8], [TT] when n = 3). When n > 4 it is expected that optimal dispersive 

71 — 3 

estimates hold true for potentials V G C~2~(R'^). Indeed, such results have been recently 
proved in [9j when n = 5,7, (see also [7]) in the case of the Schrodinger equation and in [5] when 
4 < n < 7 in the case of the wave equation. For potentials with stronger regularity optimal 
dispersive estimates were proved in [Tj in the case of the wave equation with Schwartz class 
potentials and in [13] (see also [15]) in the case of the Schrodinger equation with potentials 
satisfying V ^ L^. To our best knowledge, no optimal dispersive estimates have been proved so 
far in the more general context of the operator G above when the function 

n n 
i,j=l j=l 

is not identically zero, even if we suppose that aij — a\j,bj,V G C^(R"). In general, proving 
optimal dispersive estimates turns out to be a very tough problem. 

To prove the main result we extend to more general perturbations the method developed in 
|17j . |18j . which consists of deriving the dispersive estimates from decay estimates on weighted 
spaces. This analysis is based on a careful study of the regularity of the resolvent on weighted 
spaces (see Proposition 3.2 below). Note that the assumption (1.5) is only used in the proof 
of the estimate (2.5) which plays a crucial role in our approach. It might be possible, however, 
that (2.5) could hold without (1.5). It becomes clear from the proof that the reason why we 
need (1.5) is due to the fact that when n > 4 the singularity at zero of the Hankel functions is 
too strong, which in turn implies a very strong singularity on the diagonal of the kernel of the 
free resolvent. Consequently, {Po{h) — z)~^ : — )• L°°, Imz 7^ 0, is no longer bounded when 
n > 4. This difficulty is overcome by Lemma 2.2 below. Note finally that we expect that the 
above estimates hold true for 6 > ^^y^, but this is much harder to prove especially in the case 
of the Schrodinger group. 

2 Study of the operator (p{P{h)) 

In this section we will prove the following 
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Proposition 2.1 Assume (1.3), (1. 4) and (1.5) fulfilled. Then, for allO < s, si, S2 < S, S1+S2 < 
5, we have the bounds 

\\{xr^^{Po{h)){xy\\^,^^,<c, 



\{x)-^ip{P{h)){x) 



<c, 



\\{xr^{Po{h)) {P{h) - P,{h)) ^(P{h)){xY^^,^^, < Ch^, 

\\{v{P{h)) - ^mh))) {xYh.^L^ < ch'^-''/^ 

with a constant C > independent of h. 



(2.1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 



Proof. The estimate (2.1) is well known, while (2.2) follows from (2.1) and (2.3). It is also 
easy to see that (2.4) follows from (2.3). To prove (2.3) and (2.5) we will use the Helffer-Sjostrand 
formula _ 

'fiPm = - f ^{z) {P{h) - z)-' L{dz), (2.6) 
vr Jc oz 

where L{dz) denotes the Lebesgue measure on C, ^ G Cq"(C) is an almost analytic continuation 
of if supported in a small complex neighbourhood of supp ip and satisfying 



9^ 
dz 



<Civ|Imz|^, ViV>l. 



(2.7) 



It is well known that the free resolvent satisfies the estimate (e.g. see the proof of Lemma 2.3 
of [IT]) 



{xy^v^APoih) - z)-' {xY 



< Cllmzl 



\a\ < 2, 



(2.5 



for z G supp^, Imz 7^ 0, with a constant C > independent of z and h. Let us see that a 
similar estimate holds true for the perturbed resolvent. Recall first that by assumption 



P{h) - Po{h) = h'' J2 ra{x,h)V^, 

\a\<2 



with coefficients satisfying 



\ra{x,h)\<C{x)-\ 
with a constant C > independent of x and h. Note also that (1.3) implies 



(2.^ 



(2.10) 



iP{h) - z 



-1 



<C\lmz 



-1 



\a\ < 2, 



L2-^L2 

for z G supp^, Imz / 0. Using (2.8)-(2.11) together with the resolvent identity, we obtain 



(2.11) 



(x)-p^ {p{h)-zr^{x) 

+c \\v- {P{h) - zY 

\I3\<2 



< {x)-^V^ iPoih) - z)-' {x) 

(x)-^pf {Poih) - zy' {x) 



< ciimzr^-^ 



(2.12) 



6 



On the other hand, using (2.6), (2.9), (2.10) and the resolvent identity, we get 



\\{xr {^iPih))-^iPoih))){xr\\ 



\a\<2- 



{xr-'v^ {Po{h) - z)-' {xY 



L{dz). 



(2.13) 



Clearly, (2.3) follows from (2.7), (2.8), (2.12) and (2.13). 

To prove (2.5) we will first consider the case n = 2, 3. Then it is well known that the free 
resolvent satisfies the estimate 



(2.14) 



for z G supp (p, Im z ^ 0, with constants C,q > independent of z and h. On the other hand, 
using (2.6), (2.9), (2.10) and the resolvent identity, wc get 



mpih)) - ^(Poih))) {xy 



\a\<2 



dip 
dz 



iPoih)-z)-' 



{xr'v- iP{h) - z)-' {xY 



L{dz). 



(2.15) 

In this case (2.5) follows from (2.7), (2.12), (2.14) and (2.15). Let now n > 4. Then (2.14) is no 
longer true because the singularity of the kernel of the free resolvent on the diagonal gets too 
strong. In this case we will derive (2.5) from the following 

Lemma 2.2 Given any < e <C 1, the free resolvent can he decomposed as 

{Po{h)-zr' = j2Bi^\z,h), 

3=1 

where Be^\z,h), j = 1,3, are analytic on supp^. Moreover, for s >0, z ^ suppc^, we have the 
estimates 

<(7£^-^, |a|<2, (2.16) 



V^Bi^\z,h) 

{xYBi'Hz,h){x 

Bf\z,h) 



— s 



< Cph 2 \lmz\ 



<Ceh-2, 



(2.17) 
(2.18) 



with constants C,q > independent of z, h and e, and a constant > independent of z and 
h. 

Note that by assumption we have = 0(7) for \a\ = 2. It follows from (2.16) together with 
(2.9) and (2.10) that 



{Pih)-Poih))BPiz,h) ^^^^^<C{s'^+^) 



(2.19) 
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{xy{P{h)-Po{h))BP{z,h) <Ch'^, 



(2.20) 



with a constant C > independent of z, h and e. Clearly, (2.19) implies that the operator 
1 + {P{h) — Po{h)) Bi^\z,h) is invertible on L^, provided £,7 > are taken small enough, 
independent of h, with an inverse analytic on supp (p. Therefore, we can write 



(Pih) - z)-' - (Poih) - z)-' = J2Tj{z,h), 



(2.21) 



where 



Tjiz, h) = -Bi^\z, h) iP{h) - Po{h)) Bi'\z, h) (1 + {P{h) - Po{h)) hW(z, h)) ' , 
j = 1, 2, 3, and 

- iP{h) - z)-' (Pih) - Poih)) (sPiz, h) + Bf\z, h)) (1 + {P{h) - Poih)) Bi'\z, h)) ' . 
Clearly, J^jiz,h), j = 1,3, are analytic on suppi^, so in view of (2.21) we can write 

^iPih)) - ^iPoih)) =Y.ll ^iz):F,iz,h)Lidz). (2.22) 



By (2.17) and (2.20), 

\\{xYF2izM\L^^L^ < Ch^ \{xYBf\z,h){xr' 
By (2.9), (2.10), (2.12), (2.17) and (2.18), 

\\{xY:F,izM\L^^L^ 



< Ceh""-^ llmzp^i 



(2.23) 



< C 



{xriPih)-z)-HPih)-Poih))\l^^^^ {\\Bi'\z,h)\\^^^^^ + \\Bi'\z,h) 



< Ceh"-^ \Iuiz\-'^^ 
By (2.7), (2.22), (2.23) and (2.24), we conclude 



(2.24) 



{x)^iipiPih)) - <^(Po(^)))ILi_i2 < c^h''-^, 



which is equivalent to (2.5). 



□ 



Proof of Lemma 2.2. Let (f) G C^([l, 2]) be such that / (/)((9)d(9 = 1. Given any < £ < 1, 
write [0,+oo) = U^^^Ijie), where hie) = [0,e], hie) = [£,£"^], hie) = [e~^,+oo). Set 



Xi^\a) = a [ ^iae)de, 
Jim 



Bi^\z,h) = iPoih)-z)-'xi'\Poih)) 



iM 



i)iePoih),ez)de, 
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where 

tp{X,w) = \{\-w)-^^{X). 

Since suppi^ is a compact disjoint from zero, taking e > small enough, we can arrange that 6z 
does not belong to the support of cj) as long as 6* G hi^) U /3(e) and z E suppi^. Therefore, the 
operator-valued functions I3p\-,h), j = 1,3, are analytic on suppi^. We also have the bounds 



< Ci. Ilm z\ 



-k-l 



dii;ix,ez) <Cke-\ 



e e /2(e), 
G /3(e), 



(2.25) 

(2.26) 
(2.27) 



for z € supp(^ and all integers /c > 0. Recall now that given any function / G Co°(R) and any 
h > 0, the operator f{PQ{h)) satisfies the estimates (e.g. see Lemma A.l of [TS] ) 



N 



<C^sup d^iX) 



k=0 



\{xrfiPoih)){x) 



<C/i-"/2(Ml^l5]sup d'jiX) 



k=0 



Vs G R, 



(2.28) 



(2.29) 



where and Ns are integers independent of / and h, while C > is a constant depending only 
on the support of /. If \a\ < 1, by (2.25) and (2.28), we get 



V^BPiz,h) 



< C 



< c 



Po{ht\/^Bi'\z,h) 

de<c 



Po{hp/^i,{ePo{h),ez 

Using (2.29) together with (2.26) and (2.27), we also get 

{xrBi^\z,h){xr'\\^^^^^ < £ \\{xr^p{ePo{h),9z){x 

< \lmz\-^'-^ J 0-"/4(l + eydO < Ceh-""/^ |Im 

Bi'\z,h) ^^_^^^< / jmePo{h),ez)\\L,_L, 



-Ns-l 



d9 



It remains to prove (2.16) for \a\ = 2. Clearly, it suffices to show that the operator Xe^\Poih)) 
is bounded on uniformly in e and h. Since Xe^\(^) = Xi^'*(£<7)) we need to show that the 
operator x^\~^h'^^) is bounded on uniformly in e and h. To see this observe that the 
kernel of x^\~^h'^^) is of the form {e^/'^h)^"'K{\x — y\/e^/'^h), where K{\x — y\) is the kernel 
of Xi^^(— ^)- Hence xi^^(~^^^^) is bounded on L} if and only if so is x'i\—/S) and the norms 
coincide. On the other hand, we have xi^^ e C°^(R), Xi^V) = for < 1, Xi^V) = 1 for 



£7 > 2, which implies that x!'i\~^) is bounded on L} 



□ 
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3 Uniform estimates on weighted spaces 

We will prove the following 

Theorem 3.1 Assume (1.3), (1.4) and (1.6) fulfilled. Xei < s < 5 - 1, < e < 1. Then, we 
have the estimates 



r {tf' ^e^tV^<^(P(/i))(x)-V2-3-ej < c,Ai(M'+'^+'" ||/||i2 , (3.1) 

J-oo L2 

(x)-^/2-^-^e^*V^(^(P(/i))(x)-^/2-"-^ <C,n{h)^+'+'{t)-', Vt, (3.2) 

/oo 2 
-oo L'^ 

< Cefl{h)'+'+'{t)-'., 



2 

L2 ) 



^^-l/2-.-eg^tP(M^(p(/,))^^)-l/2-.-e 

/or ewer^/ < e <C 1. 

Proof. Let us first see that (3.2) follows from (3.1). Given any / G L^, set 



(3.3) 
(3.4) 



u(x,t) = {x)-^/^-'-'e'^^/^<p{P{h)){x)-^/^-'-'f. 
It follows from (3.1) that there exists a sequence tj- ^ oo such that 

lim \\u{-,tk)\\L2 =0. 

Let (/Pi G Cq°{{E — eo,E + sq)), = 1 on supp(^. Using (2.2) we have 

d 



(3.5) 



dt 



L2 



2|Re {dtu{;t),u{;t))^2\ 



L2 



= 2 Im ^(x)-^/2-.-ey^^^^(p(^^)^^^l/2+3+6^(^^^)^^^^^^^ 

with a constant C > independent of h and t. Hence given any f > 0, we get 

\H;ml2<\H;tk)\\l2+cJ^"\\ ui-,T)\\l2dT, 
which together with (3.5) imply 

POO 

\H;t)\\l2<Cj^ \\u{;r)\\l2dT. 

By (3.6) 

roo 

t'''\\ui;t)\\l2<C T^'\\u{;T)\\l2dT<CMh) 

Jo 



<C\\u{;t)\\l2 



(3.6) 



2s-|-2+2£|| j:-\\2 

L2, 



which is the desired bound. The fact that (3.3) implies (3.4) can be proved in precisely the same 
way. We will next derive (3.1) and (3.3) from the following 
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Proposition 3.2 Assume (1.3), (I.4) and (1.6) fulfilled. Lei < s < 5 - 1, < e < 1. Then, 



and 



where < lal < 2. 



1+s 



(3.7) 



Observe first that it suffices to bound the integral in the left-hand side of (3.1) over the 
interval [l,oo) only, since over (—00, 1] it can be treated similarly while over [—1, 1] it is trivial. 
Thus, it suffices to prove the bound 



.2'=+l 

I \\u{;t)\\h dt < C2-2M^+^)^(/,)2+2.+2. ||^||2^ 



(3.8) 



for every integer A; > and every < e < 1. Let ^ G C°°(R), < < 1, (f){t) = for t < 1/3, 
(j){t) = 1 for i > 1/2. We have 



(d^ + P{h)) {x)^/^+'+'(f>{t)uix,t) = 2i(l)'{t)^/p{h){x)^/^+'+'u{x,t) + 4>"{t){x)^l'^+'+'u{x,t) 

=: MPih)){x)-'/^-'-'vi^,t). 



In view of (2.2) we have 

\H;t)\\L2<c\\f\\L., yt, 

with a contsant C > independent of t and h. By Duhamel's formula we get 

sin((t-T)v^ 



(3.9) 



^{t)u{x,t) = j {x}-^ 
Jo 



/2-s-e_ 



<fi{P{h)){x)-^/^-'-'v{x, T)dT. (3.10) 



/o ^/PW 
Taking the Fourier transform with respect to t, we deduce from (3.10) 

^{x,X) =T{X,h)v{x,X), AgR, 

where 

r(A, h) = (x)-V2-^-^ (p(/i) - a2 + io)~^ ^i(p(/i))(x)-V2- 

It is easy to see that T{-,h) G (R; /:(-L^)) and 

\\T{;h)\\cs<Cf,{h)^+\ 



(3.11) 



(3.12) 



Indeed, if A^ belongs to a small neighbourhood, K, of supp ipi, K C {E — Eq, E + eo), then this 
follows from (2.2) and Proposition 3.2. Let A^ G R \ Then, for every integer m > 0, we have 



dA^ 



{P{h) - X'y\,{P{h)) 



<CmY.{xy {p{h)-x^) 'MP{h)) 

j=0 



< Cm sup \y - XY'-' < C E(^)"'"' ^ 
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Let now p G Cq°([1/3, 1/2]), p > 0, such that / p{a)da = 1. Given a parameter < < 1, set 

Tg{X, h) = Q-^ j T(A + a, h)p{a/e)da. 
It follows from (3.12) that the operator- valued function TeiX^h) satisfies the bounds 



cP^{T-Te){\h) 



d{Te{\h)\^,_^^, < Cii{hf+\ 0<j< [s], 



p{a/e)da 



&iTe{X,h)\\^^_^^^<9-'l \\di-'T{X + a,h)-di-'T{X,h)\\^^^^Jp'ia/9)\da 



j = [s] + 1. 



Define the function UQ{t,x) by the relation 

U0{x, X) = T0{X, h)v{x, A). 
Using (3.9), (3.14) together with Plancherel's identity, we obtain 



\l,dt 



/oo 
\\M;t)-uei;m 
-oo 

<cf:r &iiT- To) (A, h)d^^-M., A) 

j=o-'-°° 

H /-oo , , . 
< C/x(/i)2+2-^2.-2M g / A) 

^—nJ — OO 



L2 



dA 



L2 



dX 



j=0' 



L2 



dA 



CM(/i)'+'^e'^-'W y / i'W-'^' \\v{;t)\\h dt < CM(/i)'+'^^'^-'W||/||i2. 



Hence, given a parameter M > 1, we get 

r2M 



/ ||u(-,i) - Ue{;t)\\h dt < C/x(/l)2+2^e2.-2H^-2H||_^||2^_ 
Similarly, using (3.9), (3.13), (3.15) together with Plancherel's identity, we obtain 



/OO /* OO 

\tf^^^+'\\uo{;t)\\l2dt= / 9?+'u^(-,A) 
-oo J —oo 

M+1 roo 

< C/x(/l)2+2^^2s-2[.]-2 g / aP+l-^-^(.^A) 



L2 



dA 



j=0 



L2 



dA 



(3.13) 



(3.14) 



(3.15) 



(3.16) 
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C/x(/l)2+2s^2.-2M-2 '1^' ^2M+2-2, dt < C/x(/l)2+2^^2.-2[.]-2 1| || 2 ^ ^ 

^1/3 



j=0 

which imphes 

r2M 



/ < C^(/i)2+2«02.-2W-2^-2M-2||^||2 _ (3_^7) 

Taking 9 = we deduce from (3.16) and (3.17) 

2M 

M;t)\\l, dt < C^^{hf+'^M-'^\\f\\l,. (3.18) 

M 

Observe finally that the estimates (3.13)-(3.15) hold true with s replaced by s + e, VO < e ^ 1, 
and hence so does (3.18), which in turn proves (3.8). 

The estimate (3.3) can be proved in the same way. The only difference is that the function 

w{x,t) = {x)-^/^-'-'e'^^^'''>ip{P{h)){x)-^/^-'-'f 

satisfies the identity 

(l)w{x,X) =f{X,h)v{x,X), AgR, 

where 

belongs again to C (R;£(L^)) and satisfies (3.12), while the function v{x,t) is compactly sup- 
ported in t and satisfies (3.9). □ 

Proof of Proposition 3.2. We will use the commutator identity 

A + i[x-V,A] =0, 

which we rewrite as follows 

Pih) + ^ • V, Pih)] = P{h) - Po{h) + ^ • V, P{h) - Poih)] =: Q{h). (3.19) 
Given any z G C, Imz 7^ 0, we deduce from (3.19) 



P{h) -z + ^[x-V, P{h) -z\ = -z + Q{h), 



which yields the identity 



(P(h)-zy'-l[x-v,iP{h)-z)-' 



= -z {P{h) - z)-^ + {P{h) - z)-^ Q{h) {P{h) - z)-^ . (3.20) 

We will first consider the case s = m, where 0<m<5— lisan integer. We will proceed by 
induction. When m = the assertion is true by assumption. Suppose it is true for all integers 
< < m — 1. We differentiate m — 1 times the identity (3.20) with respect to z to get 

Z {P{h) - Z)-^-^ = Cm {P{h) - Z)-^ + ^ • V, {P{h) - zr 
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+ ^cfc {P{h)-z)-''Q{h) {P{h)-z 

k=l 

which in turn leads to the identity 



,k—m—l 



(3.21) 



TO— 1 



1 fl'"^~^ 
-2^'^)~'h^^-y^+rn+e{z,h){xr'/'+"^+^X.V{xr'/ 



2—m—e 



+ Yl (^k{x)''~"'~^-^^R-l/2+k+e{z, h)Qk{h)-^-^Ri/2+m-k+eiz, h){x)- 



(3.22) 



fe=l 



where 



Qk{h) = (x)-V2+fc+^Q(/i)(;:c)^/2+m-fc+6_ 
A simple computation shows that 

1 " 1 
= 2 E (^^■(^' ^)^^.' + ^a:,^i(x, /i)) + V{x, h) + -[x- W, y^a^, h) 

1 " 1 " 1 

j,jr = l i=l 

Hence, in view of (1.4), we have that the operators Qk{h) are of the form 

where U is the set of all multi-indices such that < |a| < 2, < \P\ < 2, \a\ + \P\ < 3, and the 
coefficients satisfy 

(3.23) 



<C, 



with a constant C > independent of x and h. By (3.22) and (3.23) we obtain 



^-Kl/2+m+e 



{Z,h) 



<ch-^ E 



0<|a|<l 



0<|a|<l 



fe=ia,/3en 



^^k_i R-l/2+k+e{z, h) 



^m—k 

^x-^-^Rl/2+m-k+e{z,h) 



, (3.24) 



with a constant C > independent of z and ^. Applying (3.24) with z replaced by z it ie, 
z e [E — £o, E + £o], < e 1, and taking the limit as e — )■ 0, we get 



dz"^ l/2+m+e 



(z,/l) 



<^^-^E E 



± 0<|a|<l 



jm-1 
(i^m-l -^-1/2+m+e 



(z,/l) 
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k=l a,i3en 



jm—k 

dz^ l/2+m— fc+€^ ' 



< Cii{h) 



m+l 



provided (3.7) holds for all integers s < m — 1. Thus we get (3.7) with s = m and a = 0. The 
fact that it holds for all multi-indices |a| < 2 follows from the ellipticity condition (1.3). 

Let now s = m + v, where < v < 1 and m is an integer such that 0<m<6 — 1 — v. In 
this case it suffices to show that 



± ie, h) 



Indeed, (3.25) implies 



< C/x(/i)'"+'^+^£-i+'^, ^ze[E- £o, E + £o]. (3.25) 



iz,h) 



Jo 



Rl/2+m+u+e(.Z ± ia, h) 



da 



< C^(/i)'"+^+i r a-^+^da < Cuihr+'^+^e''. (3.26) 
Jo 

Now, given any zi, Z2 ^ [E ~ sq, E + eq], < \zi — Z2\ < I, by (3.25) and (3.26), we get 



d" 



-R 



d^rn l/2+m+i/+e 



{zi,h) 



<E 

dJ^ 



d^m l/2+m+v+e 

d"" 



dz' 



+ 



;Rl/2+m+v+t{zj ± ie, h) - -r-^R 



-Rf>. iz2,h) 



Rl/2+m+u+tizi ±i£,h) - -—i^Ri/2+rn+u+e{z2 ±i£,h) 



< C/x(/i)"*+'^+^ (f + |zi - Z2\e~^^'') < Cn{h)'^+''+'^\zi - (3.27) 

if we take s = \zi — Z2\- So, in this case (3.7) with a = follows from (3.27). For any multi-index 
\a\ < 2, it follows from (1.3). 

Using (3.21) and proceeding by induction as above, it is easy to see that (3.25) follows from 

the following 



Lemma 3.3 Let z € [E - eo,E + eq], < e, £ < 1, < z/ < 1. Then 

{P{h) -z± ie)-^ (x)-^/^ 



, , v+1 

< Cn{h)—e—. 



(3.28) 



Proof. When v = 1 (3.28) follows from (1.6). To prove (3.28) for z/ = we will use the 
identity 



{P{h) -zT ie)"^ {P{h) -z± ie)-^ = — ((P(^) -z± ie)'^ - {P{h) -zt ie)'^) ■ 
Hence, the operator 



A = {P{h) - z ± ie)-' (x) 



-1 
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satisfies 



1 /^\-l/2-e 



± 



where we have also used (1.6). Let now < < 1. Given a set jVJ C R", denote by r]{M) the 
characteristic function of M. Let M > 1 be a parameter to be fixed later on. We have 



V + l 



< {xy/^-'rjiix) > M) {P{h) -z± ie)-^ {x}'^/^-' 
{x)-''/^-'r]{{x) < M) {P{h) -z± ie)-^ {x)-^'^'' 
< \\{P{h) -z± ie)-^ (x)-V2-^ 

if we choose M = ^{h)£~^. 

4 Dispersive estimates 

We will first prove the following 

Proposition 4.1 Under the assumptions of Theorem 1.1, for all t 0, < €,£ <^ 1, < s < 
we have the estimates 



□ 



< c,h''-'^n{hy+'+''+'\t\-'~'', 



{x)-" (e^^^^^^ip{P{h)) - e^*^o('*V(Po(/i))) {xy^- 

<Ceh''-^fl{hf^+'+''+'\t\-'-^-^/^. 

Proof. Recall first that the free groups satisfy the estimates (see the appendix) 



r) -1-1 

< Ch-'-''-2\t\-'-<', 



-c 



\2s+2a 



2 



dt < Ch 



-n-l-2s-2a\\ j:\\2 



L2 



(x)--e^*^°('^)(^(Po(/i))(x) 



-l/2-s-o--e 



<ch-'-''-'^\t\-'-''-^'\ 



/oo 
-oo 



L2 



-n-l-2s-2(T|i --112 



(4.1) 
(4.2) 

(4.3) 

(4.4) 
(4.5) 
(4.6) 
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Without loss of generality we may suppose that t > 0. To prove (4.1) observe first that Duhamel's 
formula for the wave equation implies the identity (e.g. see Section 3 of [17]) 



s''VPW^(P(h)) - e^*V^^(Po(/i)) = $i(t, h) + ^2{t, h), 



where 



+i4mh)) sin (t^^) {^KPm - ipHPoih))) , 



4mh)) sin Ut - r)/RK^) V{h)e'-^^ip{P{h))d 



where 



{x)-'''^iit,h){x) 



-l/2-s-a-€ 



< 



((^i(P(/i))-^i(Po(M))(x)"/2+'^+^ 



+ 



+ 



(x)-'^cos (t^P^yj ip^{Po{h)){x)-'/'-'-'^ 
(x)-'^sin (t/Sw) A{Po{h)){x)-'/^-'-''-' 



— e 



L'^^L°° 



(^tt(p(/,)) _ v.S(Po(/l))) 

Furthermore, given any f ^ L"^, g £ L^, using (2.4), (3.1) and (4.4), we get 



j-s+cr 



t/2 



(4.7) 



V{h) = ip2{Po{h)) {P{h) - Po{h)) MP{h)), 

ipi,ip2 e C^{[E - eo,E + eol), = 1 on suppt/?, (/J2 = 1 on supp(/7i, ip^{z) = z 
^\{z) = z-^/^^pi{z). By (2.3), (2.5), (3.2) and (4.3), we get 



VV(z), 



(4.8) 



P(/i)e-V^(^(P(/i))(x)-i/2— -7,sin ((t-r)/^) 4iPo{h)){x)-'^ g 



dr 



-C / t'^" 

It/2 



V{h)e'^^^^{P{h)){x)-^/^-'-'^-^f,sm[{t - t)^P^)) ^l{Po{h)){x)-'^ g 



dr 



t/2 

< Ch" I (t-T) 



s+a 



L2 
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{xy 



-l/2-s-a-e 



sin((t-T)/^) ip{{Po{h)){x)-'^g 



dT 



L2 



Jt/2 



dr 



L2 



\ 1/2 



2 \ V2 

dr] 

L2 y 



/ r 



-l/2-s-o--e iT^P(/i) 



¥p(P(/i))(a;) 



dr] 

L2 ; 



\ 1/2 



2 \ 1/2 
i2 / 



LallS'llii- 



(4.9) 



Clearly, (4.1) follows from (4.7), (4.8) and (4.9). To prove (4.2) we rewrite Duhamel's formula 
for the Schrodinger equation as follows 



e^*^W^(P(/i)) - e^*-P°('^V(-Po(/i)) = *i(t,/i) + ^'2(i,/i), 



(4.10) 



where 



*i(t, h) = iMPih)) - MPoih))) e'*^(''V(i'(^)) + ^i(Po(/i))e'*^"("^ (<^(P(/i)) - ^iPo{h))) , 

*2(t,/i) =i f\'^^-^^^°^''^MPo{h))r{h)e'^^^^^v{P{h))dT. 
Jo 

Using (4.10) together with (4.5) and (4.6), it is easy to see that (4.2) can be proved in the same 
way as (4.1) above. □ 



Clearly, (1.8) (resp. (1.10)) follows from (4.1) and (4.3) (resp. (4.2) and (4.5)) applied with 
. To prove (1.9) we will use once again the identity (4.7). By (2.5), (4.1) and (4.3), we 



n-l 



get 



{x)-''^i{t,h){xy 



< 



iMpm-MPom){xr/'+''^' 

{x) -'^/2-^-eeitV^(^(p(/i)) (x) -'^ 



+ 



(x)-cos (t^^) 9'i(Po(/i))(x)-"/2-'^-^ 

{xr/'+-+^^{p{h))-^iPom 
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< C£/l^'^~"~-^/^//(/l)*^"+^)/^'*'^+^t~("'~''-)/^~'^ + (7^'^-^-3n/2^-{n-l)/2-o-_ (4.11) 

Furthermore, given any f,ge L^, using (2.4), (3.1) and (4.4), we get 

pt/2 

Jo 

V(^)e-V^<^(P(/i))(x)-'^/,sin [it - t)^Ip^^ <p\{Poih)){x)-- g 
ft/2 (v{h)e'^^^V'{P{h)){x)-'' sin ((t - r)/^) (Po(M)(^)""5 

< C/i'^ / {t - r)(" 



dT 



-l)/2+<7 



( (t -r)VPo(/i) ) ¥P»i(^'o(/i))(x)-'^5 

/•t/2 

+Ch'' / (t - r)("-i)/2+- 
Jo 



L2 



L2 



^ Sin (^(t - r)y^j ^« (^o(^))(x)-'^5 

Jt/2 



L2 



L2 



(a;)-V2-sin ((i - r)/^) ^» (Po(^))(x)-^5 



L2 



L2 



(a;)-i-sin ( (t -t)JPo(/i) ) v\{Po{h)){x)-" g 



dT 



L2 

2 \ V2 



<Ch!'[j^ {x)-^/'^-'e'^^/^^^{Po{h)){x)-''f ^ ^dr^ 



(a;)-"/2— ^sin (r/^) ^» (^o(/i))(x)-'^5 



/■oo 

/ ^n-l+2a 

a?" 

f \\{xr'/'-'sin (r/^) ^l{Poih)){x)-'^g 



1/2 



L2 



L2 y 



2 \ 1/2 

L2 y 
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+Ch'' 



Jo 



t/2 



t/2 



1/2 



dT 



.n-l+2a 



t/2 



L2 / 

2 \ 1/2 



L2 



(x)-i-^sm r^PoW 'p\iPo{h)){x)-'^g 



dT 



L2 



< (c/i'^---^ ^/.(/.)i+^ + C7,/.2'^-^/.(/.)^+-+^) 



(4.12) 



Clearly, (1.9) follows from (4.7), (4.11) and (4.12). The bound (1.11) can be proved in a similar 
way using (4.2), (4.5) and (4.10). □ 

Proof of Theorem 1.2 Let (p G C^((0,+oo)). It follows from (1.9) and (1.11) that we have 
the estimates 

(a;)-^e^*^^(/i2G)(x)- 



We now write 



(x)-"e**^(/p(/i'G)(x)- 

(n+l)/2-p„((7)-e 



J 

where = a1-("+i)/2-P"W-^x'(A) e C^((0,+oo)). By (4.13) and (4.15) we get 



(4.13) 
(4.14) 

(4.15) 



^(n+l)/2+p„((T)+£-l^^ 



Jo 



Similarly, using (4.14) we get 



Jo 



To prove (1.18) observe that, if A; < 1 and S and a satisfy the conditions of Theorem 1.2, we 
have a > gn(c)- Hence 



h-^dh 



< £ ||(x)-'"e^*^V2 (/iVg) {x}-" 
Jo 



□ 
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Appendix 



In this appendix we will sketch the proof of the estimates (4.3)-(4.6). To this end, we will use 

the fact that the kmiels of the operators e»*V^oW(^(Po(/i)) and e'*^°^'^^ip{Po{h)) are of the form 
K}i{\x — y\,t) and Kh{\x — y\,t), respectively, where 



».,2— n POO 

^h{w,t) = ——j:r e''^\{h'X^)Jn^{w\)\d\ = h-''K^{w/h,t), (Al) 

(^.2) 



,,2—n POO 

(27r)~ 

Kh{w,t) = — — ^ / e'"'^^^<p{}i'X')Jn^iwX)XdX = h-^Ki{w/h,t), 
(27r)"/"' Jo 2 

where Jn-2 (z) = J„-2 (z), Jn-2 (z) being the Bessel function of order In view of 

the inequality 

(x)-'^(y)-'^<(x-y)-^ Va>0, 
it is easy to see that the estimates (4.3)-(4.6) follow from the following 



Lemma A.l. For all w > 0,t 0,0 < h < 1, s > 0, we have 

\K„{w,t)\<C\t\-'h-'-(^+'y^gs{w), 

oo 
-oo 



1 2s 



Kh{w,t) 



' dt<Ch-^'-''-^gs{w)\ 



iA.3) 

(AA) 
{A.5) 
{A.6) 



where gs{w) = u;^-("-i)/2 ifs<{n- l)/2, gsiw) = if s > {n - l)/2. 



Proof. In view of the identities (A.l) and (A. 2), it is clear that it suffices to prove (A.3)-(A.6) 
for /i = 1. Let first u; < 1. Recall that near z = the function J"n-2 (z) is equal to z"'~^ times 

2 

an analytic function. Using this and integrating by parts, it is easy to see that in this case the 
functions Ki and Ki satisfy the bounds 

\Ki{w,t)\<C\tr, (A7) 

Ki{w,t)\<C\t\-'-^/^, {A.8) 

for every s > 0. Clearly, when w < 1 the estimates (A.3)-(A.6) follow from (A. 7) and (A.8). Let 
now u; > 1. In this case we will use the fact that for z 3> 1 the function j7n-2 (z) is of the form 

2 

e'^6+(2;) + e~^^b~{z), where b'^{z) are symbols of order Given any integers k,£> 0, set 
Clearly, 6^ (z) are also symbols of order . Hence 



bti{z) <Ck,iz^-\ Vz>l. 



(^.9) 
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Let m, N > he integers. Integrating m times by parts, we can write 

,,2-n 



w 



^ ' ± fc=0' 



with some functions <fk,m ^ C'o°((0, +00)) independent of w and i. We now integrate A'' times 
by parts to obtain 



»,,2— n ^' POO 

'^^^^ ± k=Oi=0 

Hence, in view of (A. 9), we get the bound 

\Ki{w,t)\ < Cm,Nw"'-'^\t\-"' {\t - w\-^ + \t + w\-^) . (AlO) 



m N 



By interpolation, (A. 10) holds for all real m > 0. It is easy to see now that the estimates (A. 3) 
and (A. 4) (with h = I) follow from (A. 10). _ 
Integrating by parts m times with respect to the variable A^ we can write the function Ki 
as follows 



W 

(2^) 



fe=o 

2-n "1 



,.z— n poo 



where 



We now apply the inequality 

/■oo „ ^ 

e^*V(A)ciA <qt|-V2||_^|^^, V/GCo-(R), 



to get 



k=0 



W 



On the other hand, as above one can see that the function f^ m satisfies the bound 

fk,mir,w)\<CNw''+'^ (|r-^ 
for every integer N >0. By (A. 12) 



wr"" + \t + w\-'') 



7^ I n — 6 



By (A.ll) and (A.13) 



fk,m{-,w) 



(All) 

(A12) 

(A13) 
(^.14) 



22 



for every integer m > 0, and hence by interpolation for all real m > 0, which in turn proves 
(A. 5). It is easy also to see that (A. 6) (with h = 1) follows from (A. 14). Indeed, applying (A.14) 
with m = s — € and m = s + e, we have 



f 

J — ( 



\t\'' Kh{w,t) 



dt 



< Ci(;2^-2^-"+i / \t\-'+^'dt + Ci(;2«+2^-"+i / < Ci(;2^-"+i. 

J\t\<w J\t\>w 



\t\>w 



□ 
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